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Abstract
Elements of the general theory of potential curves for diatomic molecules are presented. For the
diatomic molecule He+2 in Born-Oppenheimer (BO) approximation it is presented the approximate
analytic expression for the potential energy curves V (R) for the ground state X2Σ+u and the first
excited state A2Σ+g , based on matching short and long distances behavior via two-point Pade´ ap-
proximation. In general, it provides 3-4 s.d. correctly for internuclear distances R ∈ [0, 10] a.u. with
some irregularities for A2Σ+g curve at small distances (much smaller than equilibrium distances)
probably related to level crossings which may occur there. Solving the Schro¨dinger equation for the
nuclear motion it is found that the analytic ground state potential energy curve X2Σ+u supports
825 rovibrational states with 3-4 s.d. of accuracy in energy, which is by only 5 states less than
those 830 reported in the literature where sometimes non-adiabatic corrections were considered.
In turn, the analytic potential energy curve for the excited state A2Σ+g supports all reported 9
weakly-bound rovibrational states.
∗Electronic address: horop@xanum.uam.mx
†Electronic address: turbiner@nucleares.unam.mx
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I. INTRODUCTION
Celebrated Born-Oppenheimer (BO) approximation takes advantage of the large differ-
ence in the mass of the nuclei and electrons. In this approximation the nuclei are clamped at
certain configuration and one can calculate, in a relatively simple way, the electronic energy.
The electronic energy depends of the nuclear configuration, thus, leading to the Potential
Energy Surface (PES), where the configuration occurs as the argument. In physically-
important case of diatomic molecules, in particular, of single positively-charged diatomic
molecular ion (A+B)+ with nuclear charges ZA,B, respectively, and (ZA+ZB−1) electrons,
the nuclear configuration is defined by the single internuclear distance R. In this case the
PES becomes the Potential Energy Curve (PEC) V (R). From physical point of view, taking
charges ZA,B as probes, the potential
V (R) =
ZAZB
R
S(R)
measures the screening of Coulomb interaction S(R) due to the presence of electronic media.
Making analysis of the electronic Hamiltonian for (A +B)+ ion one can find that the
potential V (R) at small R is defined via perturbation theory in R,
V (R) =
ZAZB
R
+ Ea + E1R +O(R
2) , (1)
where the first (classical) term comes from the Coulomb repulsion of nuclei, the second
term Ea is defined by the energy of united ion with total nuclear charge (ZA + ZB) with
(ZA+ZB−1) electrons. It was observed that the linear term is always absent, E1 = 0 [1–3].
At large distances R for the ground state potential curve the leading term of the interaction
of neutral atom with charged atomic ion is given by van-der-Waals attraction term with set
of corrections in powers of 1/R,
V (R) = − c4
R4
+
c5
R5
+
c6
R6
+ . . . , c4 > 0 , (2)
see [4] and for recent extended discussion [5]. Here the parameters c4,... are related with
(hyper)polarizabilities of different orders. It is evident that the attraction at large distances
together with repulsion at small distances implies the existence of the minimum of the
potential curve. If this minimum is situated at large distances (and shallow), this minimum
is usually called the van-der-Waals minimum. It was shown that for the interaction of ion
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and neutral atom, each of them is in its respectful ground state, the coefficient c5 = 0 and
the term ∼ 1
R5
is absent, [4, 5]. The expansion (2) remains the same functionally for both
dissociation channels: A+ + B and A + B+, while evidently the expansion (1) remains the
same for both channel. In many cases the known potential curves are smooth curves with
slight irregularities due to level crossing effects, see e.g. [4] and [6]. It hints to interpolate
the expansions (1)-(2) using two-point Pade approximation
V (R) =
ZAZB
R
PN(R)
QN+3(R)
, (3)
where PN , QN+3 are polynomials in R of degrees N , (N + 3), respectively, with PN(0) =
QN+3(0) = 1 as it was introduced in [3]. This formula seems applicable for any single-
positively charged diatomic molecular ion, for both hetero- and homonuclear cases.
In the case of identical nuclei A = B (homonuclear case) the system (A + A)+ is
permutationally-invariant and the extra quantum number - parity with respect to inter-
change of the nuclei positions - occurs. The exchange energy (or, saying differently, the
energy gap) - the difference between the potential curves ∆E = (E− − E+) of the first
excited state (of the negative parity) E− and of the ground state (of the positive parity) E+
- tends to zero exponentially at large R,
∆E = De−S0(1 +
e
R
+ . . .)
where D > 0 is monomial in R, furthermore and S0 = αR, where the parameter α depends
on the molecular ion explored [7]. It implies that these potential curves can be written at
large R in the following form,
E∓ = E0(R) ±
1
2
δ±E(R) , (4)
where E0(R) is given by expansion (2), it is the same for lowest energy states of both parities,
hence, it does not depends on the state. It is clear that both δ±E are exponentially small.
In the profoundly studied case of H+2 molecular ion [8] the expansion of δ±E looks like
the transseries: the expansion in multi-instanton contributions each of them with accom-
panied perturbation theory in 1/R of a special structure similar to one for one-dimensional
quartic double-well potential problem,
δE± = D0e
−S0
(
1 +
e
R
+ O
(
1
R2
))
± D1e−2S0
(
1 +
e1
R
+ O
(
1
R2
)
+ a logR
)
+ . . . ,
(5)
c.f. [9, 10] (and references therein), where e, e1, a are constants, D0 =
4
e
R, D1 ∼ R3. The
energy gap has the form
∆E(R) ≡ δE− − δE+ = 2D0e−S0
(
1 +
e1
R
+ O
(
1
R2
))
+ . . . , (6)
where exponent S0 = R looks as classical action (one-instanton contribution), D0 =
4
e
R
looks like one-instanton determinant.
In all concrete cases, the present authors are familiar with, (H+2 , H2, He
+
2 , Li
+
2 , Be
+
2 )
ions the exponent S0 is linear in R with coefficients which depends on the system studied,
S0 = αR, see [3, 11] and references therein (see Table (I)). In turn, in the leading term in
(6) D ∼ R for H+2 , D ∼ R1/2 for He+2 (see below), D ∼ R5/2 for H2, see e.g.[3], while in all
other cases D ∼ Rβ, hence, it is monomial of some degree β. It is worth emphasizing that
the exponential smallness at large R of the energy gap implies the well-known fact that the
expansions (2) for the ground state and the first excited state coincide. In turn, at small R
the expansion of the energy gap in R is given by the Taylor series
∆E(R) = ea + ebR +O(R
2) . (7)
TABLE I: Parameters D0, S0 of the energy gap in leading approximation (6) for systems: H
+
2 [8],
H2 [6], He
+
2 (present work), Li
+
2 and Be
+
2 [11, 17].
H+2 H2 He
+
2 Li
+
2 Be
+
2
α 1 2 1.344 0.629 0.829
β 1 5/2 1/2 2.1796 1.4125
The next step is to construct an analytic approximation of the exchange energy ∆E which
interpolate the small (7) and large (6) internuclear distances. If D ∼ Rn in (6), where n is
integer, this is realized using two-point Pade´ type approximation
∆E(R){n0,n∞} = e
−S0
PN+n(R)
QN(R)
≡ e−S0Pade[N + n/N ]{n0,n∞}(R), (8)
where PN+n(R) and QN(R) are polynomials of degrees N + n and N respectively. If n is
half-integer, change of variable is needed: r =
√
R. In particular, if n = 5/2 (the case of
4
H2) and S0 = 2R, wo-point Pade´ type approximation,
∆E(R = r2){n0,n∞} = e
−2 r2PN+5(r)
QN(r)
≡ e−S0Pade[N + 5/N ]{n0,n∞}(r), (9)
The case n = 1/2 (the He+2 ion) will be presented later in this paper. In order to properly
reproduce the behavior of n0 terms at small (7) and n∞ terms at large (6) internuclear
distances constraints on the parameters of the polynomials PN+n(R) andQN (R) are imposed.
Due to the exponential dependence in R of δE± (4) the main contribution to the energy
in the potential curves E∓ at large internuclear distances comes from the mean energy term
E0(R),
E0(R) =
E+ + E−
2
, (10)
see (4). Neglecting two-instanton (∼ e−2S0) and higher order exponentially-small contribu-
tions, the mean energy E0(R) expansion at large distances is given by (2). On the other
hand, at small internuclear distances E0(R) expansion has the same structure as (1) with
Za = Zb, where
Ea =
Eu.a+ + E
u.a.
−
2
,
is the mean energy of the ground and first excited state of the system in the united atom
(u.a.) limit, respectively. The analytic approximation for mean energy E0 which mimics
the asymptotic expansions for small (1) and large (2) distances is again two-point Pade´
approximation of the form (3)
E0(R){n0,n∞} =
Z2
R
PN(R)
QN+3(R)
≡ 1
R
Pade[N/N + 3]{n0,n∞}(R) . (11)
This approximation suppose to reproduce n0 terms at small and n∞ terms at large internu-
clear distances expansion.
In this paper the diatomic molecular system He+2 (α, α, 3e) is considered. The goal is
to construct a simple analytic expressions for the PEC of the ground X2Σ+u and the first
excited state A2Σ+g in full range of internuclear distances. We follow the general theory
presented above, it has been applied successfully to the diatomic molecular hydrogen ion
H+2 (p, p, e) [3].
Theoretical studies of He+2 have been carried out for many years since the pioneering
work by L. Pauling [12]. It was found immediately that the ground state PEC exhibits a
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well-pronounced minimum indicating the existence of the molecular ion He+2 . This obser-
vation by Pauling was confirmed later in subsequent theoretically studies (see e.g. [13, 14]
and references therein). However, despite the fast development of numerical methods and
computer power an accurate description of the potential energy curves for the He+2 is still
running. Only recently, the PEC for the ground state was presented with absolute accuracy
of 0.05 cm−1 [15] in domain R ∈ [0.9, 100] a.u. in a form of mesh of the size 0.1 a.u. for small
and 1 a.u. for large internuclear distances. It was very smooth curve without any irregu-
larities. Such accuracy for excited states has not been yet achieved to the best of author’s
knowledge. Note that for the first excited state A2Σ+g it was found irregularity on PEC
at small R < Req (see [13] and references therein) due to level quasi-crossing(s) while van-
der-Waals minimum occurs at large distance. The influence of irregularity to rovibrational
spectra needs to be investigated.
Finally, an accurate analytic expressions for the PEC allows us to calculate the ro-
tational and vibrational states by solving the Schro¨dinger equation for the nuclear motion
with analytic potential. Atomic units are used throughout although the energy is given in
Rydbergs.
II. THE ENERGY GAP ∆E
Let us start considering the behavior of the energy gap ∆E between the excited state
A2Σ+g and the ground state X
2Σ+u ,
∆E = EA2Σ+g − EX2Σ+u .
Following Bingel [2] for small internuclear distances R→ 0, the behavior is given by
∆E = δ0 + 0 ·R +O(R2) , (12)
where
δ0 = E
Be+
21P1/2
− EBe+21S1/2 ,
is the difference between the energies of the Beryllium ion (rounded) [16]
EBe
+
21S1/2
= −28.649 526Ry , (13)
EBe
+
21P1/2
= −28.358 666Ry .
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For large internuclear distances R→∞, the energy gap ∆E is given by [11, 17]
∆E = R1/2e−α0R
[
ǫ0 +
ǫ1
R
+
ǫ2
R2
+ · · ·
]
, (14)
where α0 = 1.344, ǫ0 = 6.608 573, ǫ1 = 2.296 763 and ǫ2 = 0.252 798. Now, we look for an
expression that interpolates (12) and (14). In order to do that, a new variable is introduced
r =
√
R,
and at the same time the parameters ǫ1 and ǫ2 are released, which gives more flexibility to
the approximation. The Pade´-type approximation is given by
e−1.344r
2
Pade[N + 1/N ](r). (15)
Explicitly, with N = 11,
∆E{2,1} = e
−α0r2
δ0 + α0δ0r
2 +
∑5
i=2 air
2i + ǫ0r
12
1 + b1r7 + b2r9 + r11
. (16)
After making fit with the numerical results of [14] the six free parameters take values
a2 = −123.748 , b1 = −1.15654 ,
a3 = 214.186 , b2 = 4.04014 ,
a4 = −108.275 ,
a5 = 46.8906 .
The asymptotic behavior of the expression for ∆E{2,1} (16) reproduces exactly the first
two terms for small internuclear distances R → 0 (12) and one term for large internuclear
distances R→∞ (14).
Comparison between the fit (16) and the numerical results [14] are presented in Fig. 1.
III. THE MEAN ENERGY E0
The dissociation energy for the ground X2Σ+u and the first excited state A
2Σ+g at small
internuclear distances R→ 0 is given by
E˜
(0)
X2Σ+u
=
2Z2
R
+ (EBe
+
21S1/2
+ E∞) + 0 · R +O(R2) (17)
E˜
(0)
A2Σ+g
=
2Z2
R
+ (EBe
+
21P1/2
+ E∞) + 0 · R +O(R2) ,
7
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FIG. 1: Fits for the mean energy E0 (dotted line) from (22) and the energy gap ∆E (solid line)
from (16). Points represent the numerical results [14].
where EBe
+
21S1/2
and EBe
+
21P1/2
are given by (13) and E∞ = EHe+EHe+ = −5.807 449Ry−4.0Ry =
−9.807 449Ry is the asymptotic energy of the diatomic molecule He+2 .
The mean energy E0
E0 =
E˜
(0)
X2Σ+u
+ E˜
(0)
A2Σ+g
2
, (18)
at small internuclear distances R→ 0, is obtained (17)
E0 =
2Z2
R
+ C0 + 0 · R +O(R2) (19)
where C0 = (E
Be+
S + E
Be+
P + 2E∞)/2.
On the other hand, at large internuclear distances, R → ∞, E0 is obtained from the
asymptotic expressions of the energy for the ground and first excited states
E˜
(∞)
X2Σ+u /A2Σ
+
g
= −C4
R4
− C6
R6
+ · · · ∓ 1
2
∆E, (20)
where E0 is given by
E0 = −
C4
R4
− C6
R6
+ · · · , (21)
and [14]
C4 = 1.382874 ,
C6 = 3.19354 .
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In order to interpolate the two asymptotic limits (19) and (21) we use two-point Pade´
approximation Pade[N/N + 3](R)/R{3,3} where the first three terms of the expansions at
small and large distances are reproduced exactly. Explicitly,
E0{3,3} =
8 +
∑5
i=1 aiR
i − C4R6
R(1 + α1R + α2R2 +
∑6
i=3 biR
i − α7R7 − α8R8 +R9)
, (22)
where
α1 = (a1 − C0)/, (23)
α2 = (8a2 − a1C0 + C20 )/64 ,
α7 = (C6 + a4)/C4 ,
α8 = a5/C4 .
Meaning of these constraints is to guarantee the exact reproduction of the first three terms
in expansions (19) and (21). The 9 free parameters are fixed by fitting with the numerical
results of [14],
a1 = 471.867, b3 = 103.213 ,
a2 = −706.524, b4 = −515.786 ,
a3 = 474.091, b5 = 623.091 ,
a4 = −148.695, b6 = −350.333 ,
a5 = 21.8549.
Comparison between the fit (22) and the numerical results [14] are presented in Fig. 1.
IV. POTENTIAL ENERGY CURVES
Explicit analytic expressions for mean energy E0 (22) and energy gap ∆E (16) allow
us to recover the potential energy curves for the ground X2Σ+u and first excited A
2Σ+g states,
EX2Σ+u /A2Σ+g = E0 ∓
1
2
∆E . (24)
In general, this approximation reproduces 3-4 s.d. for the total energy for the ground state
and first excited state in the whole domain in R when comparing with results of [14] as
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shown in Table II, except for domain 1.5 ≥ R ≥ 0.5 a.u. for the first excited state PEC
A2Σ+g , where the deviation is significant.
The minimum of the ground state X2Σ+u calculated by taking the derivative of (24)
and putting it equal to zero gives Et = −0.181 64 Ry at R = 2.041 a.u. The numerical result
is Et = −0.181 76 Ry at R = 2.043 a.u. [14] while the best known result is Et = 0.181 84 Ry
at R = 2.042 a.u. [15]. The Van der Waals minimum for the excited state A2Σ+g is located
at R = 8.741 a.u. of Et = −0.000 158 Ry [14] is predicted by (24) at R = 8.362 a.u. of
Et = −0.000 198 Ry.
Even though the simple analytic approximation (24) predicts reasonably correct the
position and the depth of the minima for both states, comparison with results by [13] reveal
significant deviation at R < 1.5 a.u. for the excited state A2Σ+g as can be seen in Table II as
well as a small deviation for the ground state X2Σ+u , see [15]. The potential energy curve
for state A2Σ+g displays irregularity at small 0.5 . R . 1.5 a.u. which can be attributed
to quasi-crossing with the next Σg excited state. Interestingly, the patterns of irregularity
coming from the curve presented in [13] and from our curve (24) are very much similar.
Since, the irregularity occurs for energies much above the threshold energy E(He)+E(He),
it should not bring much influence to the rovibrational spectra.
Surprisingly, for X2Σ+u state fit (24) also predicts a certain irregularity in the domain
of 0.9 . R . 1.5 a.u. as it can be seen in Fig. 2: Numerical data from [15] deviate from
our analytic curve as well as one from [13] in this domain. In this domain our curve is
based on perturbative expansion of the energy at small R, which usually does not know
about singularities related to the quasi-crossings unlike the convergent expansion at large
R.. Hence, this deviation can be attributed to quasi-crossing but situated far away from
real R axis. Since it is relatively small and is situated far above the threshold energy we
do not expect much influence to the rovibrational spectra. Subsequent calculations confirm
this prediction, see below.
The asymptotic expansions of fit (24) for the ground state X2Σ+u (24) at R→ 0
EX2Σ+u =
8
R
− 18.8420776 + 0 · R + · · · (25)
and at R→∞
EX2Σ+u = −
1.382874
R4
− 3.19354
R6
· · · − e−1.344RR1/2
[
3.3042865 +
10.095520
R
+ · · ·
]
. (26)
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As for the excited state A2Σ+g the asymptotic behavior of (24) are
EA2Σ+g =
8
R
− 18.5512178 + 0 · R + · · · (27)
EA2Σ+g = −
1.382874
R4
− 3.19354
R6
· · ·+ e−1.344RR1/2
[
3.3042865 +
10.095520
R
+ · · ·
]
.
in agreement with the right asymptotic behavior (cf. (17) and (20)).
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FIG. 2: Potential energy curves obtained from (24) (marked by red and dark blue) compared with
numerical results (marked by dots) from [14] (red and blue), [15] (empty). Curves indicated as
Σg,u (light blue and yellow) are taken from [13]
V. ROVIBRATIONAL STATES
In the Born-Oppenheimer approximation the rovibrational states are calculated by
solving the reduced one-dimensional Schroedinger equation for the nuclear motion
[
−1
µ
d2
dR2
+
L(L+ 1)
µR2
+ V (R)
]
φ(R) = EνLφ(R) , (28)
where µ = Mn/2 = 3647.149771 is the reduced mass of two α particles, ν and L are the
vibrational and rotational quantum numbers, respectively: any state will be marked as
(ν,L). Usually, the equation (22) is solved numerically with the potential V (R) also defined
numerically at some discrete sequence of points in R. In our case the potential V (R) is
given by some analytic expressions for the potential energy curves (24) (together with the
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TABLE II: Energy of the ground X2Σ+u and the excited state A
2Σ+g of the molecular ion He
+
2
obtained using approximation (24). The second and third lines display the results of [14] and [15],
respectively. For R = 1.0 the second line result is from [13].
R X2Σ+u A
2Σ+g R X
2Σ+u A
2Σ+g
1.0 0.78489 2.72578 2.65 -0.13865 0.21102
0.66628 1.59046 -0.13846 0.210960
0.66537
1.1 0.44602 2.9 -0.11365 0.14549
0.42043 -0.11358 0.145398
0.42014 -0.11360
1.2 0.23859 3.5 -0.06425 0.06189
0.23910 -0.06454 0.061922
0.23884 -0.06456
1.3 0.10222 4.1 -0.03416 0.02682
0.10544 -0.0342 0.027232
0.10521 -0.03420
1.4 0.00662 5.3 -0.00927 0.00462
0.00787 -0.00892 0.003852
0.00766 -0.00891
1.5 -0.06220 1.36915 6.3 -0.00319 0.00077
-0.06218 1.36908 -0.00296 0.00072
-0.06236 -0.00296
1.7 -0.14419 0.97461 6.9 -0.00174 0.00011
-0.14416 0.974356 -0.0016 0.000210
-0.14431 -0.00159
1.8 -0.16507 0.82239 9.3 -0.00025 -0.00017
-0.16496 0.822274 -0.00024 -0.000148
-0.16508 -0.00023
1.9 -0.17662 0.69514 9.6 -0.00021 -0.00015
-0.17656 0.695202 -0.000198 -0.00014
-0.17668 -0.000198
2.0 -0.18126 0.58884 10.0 -0.00017 -0.00014
-0.18132 0.588948 -0.00016 -0.000126
-0.18143 -0.000160
2.1 -0.18092 0.49991 10.5 -0.00013 -0.00012
-0.18106 0.499976 -0.000126 -0.000108
-0.18115 -0.000126
2.2 -0.17703 0.42534 11.0 -0.00011 -0.000098
-0.17716 0.425350 -0.000102 -0.000092
-0.17723 -0.0001015
2.4 -0.16260 0.30989 12.0 -0.00007 -0.00007
-0.16254 0.309830 -0.00007 -0.000066
-0.16260 -0.000069
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expressions (16) and (22)). In this case we can use the Lagrange-mesh method [18] in its
full generality.
As for the results it can be immediately seen that the PEC for the ground state
X2Σ+u (24) supports 24 vibrational states (ν, 0) and 59 pure rotational states (0, L). Hence,
Lmax = 58. In total, we found 825 rovibrational states (ν, L), five less than the 830 states
presented in [15]. It is worth mentioning that the highest ν = 23 vibrational levels at
L = 0, 1, 2, 3 were obtained in [15] only when the non-adiabatic correction is included into
the PEC. In our case (24) the level (0, 23) is found without taking into account the non-
adiabatic correction. All these states are presented in a histogram in Fig. 3. Making careful
comparison of our results with the calculations of the rovibrational states in [15] we conclude
they are in agreement in 3-4 s.d.
 0
 2
 4
 6
 8
 10
 12
 14
 16
 18
 20
 22
 24
 0  5  10  15  20  25  30  35  40  45  50  55  60
N
L
Tung et al.
Present
FIG. 3: Number of rovibrational states supported by the ground state X2Σ+u as a function of the
angular momentum L, Lmax = 58. In total, there are 825 rovibrational states. The extra 5 states
indicated in red, reported in [15], some of them with non-adiabatic correction included.
Applying the same procedure for the PEC of the first excited state A2Σ+g , our results
point out the presence of 9 rovibrational states, the same number of states as found in [14]
(see Table III). The energies are very small being the order 10−5−10−5Ry. Even though all
our results are stable inside of the Lagrange-mesh method, they fall beyond our precision.
t is worth mentioning that we predict the rotational state (0, 5), which is not found in [14],
while in [14] it is predicted vibrational state (2, 0) which is not seen in our calculations.
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TABLE III: Rovibrational energies E(ν,L) × 10−5 Ry for the excited state A2Σ+g of the molecular
ion He+2 obtained using approximation (24). The second line displays the results of [14].
L ν = 0 ν = 1 ν = 2
0 -9.74 -1.17
-7.3762 -0.7194 -0.0003
1 -9.12 -0.90
-6.8212 -0.5074
2 -7.90 -0.42
-5.7289 -0.1357
3 -6.11
-4.1381
4 -3.81
-2.1200
5 -1.11
It might the reason of so large disagreement between our results and ones from [14].
VI. CONCLUSIONS
Inside of the Born-Oppenheimer approximation by using two-point Pade´ approximants,
analytic expressions for the potential energy curves in all range of internuclear distances
R are constructed for both the ground X2Σ+u and the first excited A
2Σ+g states for the
diatomic molecular ion He+2 . The obtained analytic curves reproduce numerical results with
an accuracy of 3-4 s.d. in the total energy.
For small internuclear distances 0.5 < R < 1.5 a.u., possibly due to the quasi-crossing
(situated in complex R sufficiently close to the real R axis) between the excited stated
A2Σ+g with the next Σg excited state the potential energy curve gets inaccurate in this
domain of internuclear distances. It leads to a certain loss of accuracy in the spectra of
rovibrational states situated in Van-der-Waals minimum, but it does not change the number
of rovibrational states, which is equal to nine. All these states are very weakly-bound.
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In the case of ground state X2Σ+u the predicted potential curve through analytic ap-
proximation (24) (with the expressions (16) and (22) as ingredients) in the same domain
0.9 < R < 1.5 a.u. differs from numerical results but insignificantly [15]. It indicates to
the existence of quasi-crossings at complex R plane situated far away from the real axis.
This deviation does not make significant change in description of the spectra of rovibrational
states obtained with 3-4 s.d. in accuracy. Note the predicted minima by the approximations
(24) differ from the numerical results by ∼ 0.1% and ∼ 25% for the ground X2Σ+u and the
first excited A2Σ+g , respectively.
The obtained analytic expressions for the PEC allow us to solve the differential equa-
tion for the nuclear motion using the Lagrange-mesh method with an accuracy of 3-4 s.d.
The ground state X2Σ+u can keep 825 rotational and vibrational states 5 less than the 830
reported in the literature. For the excited state A2Σ+g the predicted rotational and vibra-
tional states are beyond of the BO approximation and various corrections should be taken
into account.
The calculated rovibrational states (ν, L) due to the analytic knowledge of PEC (24),
allows to calculate radiative transitions between those states [19]. Up to our knowledge,
radiative transitions for the molecular ion He+2 have not been considered before. It will be
done elsewhere.
[1] R. A. Buckingham, The repulsive interactions of atoms in S states, Trans. Faraday Soc. 54,
453-459 (1958)
[2] W. A. Bingel, The Repulsive interactions of atoms in S states, J. Chem. Phys. 30, 1250 - 1253
(1959)
[3] H. Olivares-Pilo´n and A. V. Turbiner, H+2 , HeH and H2: Approximating potential curves,
calculating rovibrational states, Ann. Phys. 393, 335-357 (2018)
[4] H. Margenau and N. R. Kestner, Theory of Intermolecular Forces, 2nd edn, Pergamon Press,
1971
[5] I. G. Kaplan, Intermolecular Interactions: Physical Picture, Computational Methods and
Model Potentials, John Wiley & Sons, 2006
[6] L.D. Landau and E.M. Lifshitz,
15
Quantum Mechanics, Non-relativistic Theory (Course of Theoretical Physics vol 3), 3rd edn
(Oxford:Pergamon Press), 1977
[7] M.I. Chibisov and R.K. Janev, Asymptotic exchange interactions in ion-atom systems,
Phys. Repts. 166, 1 - 87 (1988)
[8] J. Cizek et al.,
1/R expansion for H+2 : Calculation of exponentially small terms and asymptotics,
Phys. Rev. A 33, 12 - 54 (1986)
[9] J. Zinn-Justin,
Nucl. Phys. B 192, 125 (1981);
Nucl. Phys. B 218, 333 (1983)
J. Zinn-Justin and U. D. Jentschura,
Annals Phys. 313, 197 (2004)
[10] G. V. Dunne and M. U¨nsal,
Uniform WKB, Multi-instantons, and Resurgent Trans-Series,
Phys. Rev. D 89, 105009 (2014)
[11] T. C. Chang and K. T. Tang,
Comparison between molecular orbital and surface integral calculations of the exchange energy
for the homonuclear dimer ions He+2 , Li
+
2 , and Be
+
2 ,
J Chem. Phys. 103, 10580 -10588 (1995)
[12] L. Pauling, The Normal State of the Helium Molecule-Ions He+2 and He
++
2 , J. Chem. Phys.
1, 56 (1933)
[13] J. Ackermann and H. Hogreve, Adiabatic calculations and properties of the He+2 molecular ion,
Chem. Phys. 157, 57-87 (1991)
[14] J. Xie, B. Poirier, and G. I. Gellene, Accurate, two-state ab initio study of the ground and first-
excited states of He+2 , including exact treatment of all Born-Oppenheimer correction terms, J.
Chem. Phys. 122, 184310 (2005)
[15] W. C. Tung, M. Pavanello, and L. Adamowicz, Very accurate potential energy curve of the
He+2 ion, J. Chem. Phys. 136, 104309 (2012)
[16] M. Puchalski and K. Pachucki, Relativistic, QED, and finite nuclear mass corrections for
low-lying states of Li and Be+, Phys. Rev. A78, 052511 (2008)
[17] B. M. Smirnov, Atomic structure and the resonant charge exchange process, Phys. Usp. 44,
16
221- 253 (2001)
[18] D. Baye, The Lagrange-mesh method, Phys. Rep 565, 1-107 (2015)
[19] H. Olivares Pilo´n and D. Baye, Quadrupole transitions in the bound rotationalvibrational spec-
trum of the hydrogen molecular ion, J. Phys. B: At. Mol. Opt. Phys. 45, 065101 (2012)
17
